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INTRODUCTION

In factorial experiments demand on experimental resources
increases with the number of factors due to large number of treatment

combinations and the presence of considerable number of non-zero

constituents . in different treatment combinations. Finney (1945)
suggested the concept of fractional replication for factorial experi-
ments for reducing the first of the above two types of demands on
resources. We have proposed truncated fractions of the factorial
experiments for controlling both these factors. 1If there are m factors
Ay, Ao, ..., An at two levels each and » factors B, B, ..., Bnat
three levels each then - )

a a2 . ... a;"m b b2 ... b

where
x;=0,1 and z;=0,1,2,

denotes. any treatment combination, then a k-letter truncated
factorial experiment (k—L.T.F.E) will have all such treatment
combinations for which 3x;+3z;<k. If all b’s are zeros then it
will be k-letter truncated factorial experiment of 2™ factorial and
on the other hand all a’s are zeros the design will turn out to be a
k-letter truncated factorial experiment of 3.

In the present paper a systematic procedure of obtaining the
main effects and other interactions through such truncated experiments
has been indicated for two-letter truncated factorial experiments
of 2™, 3» and 3" X 2™ factorial experiments.
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2. METHOD OF ESTIMATION OF THE MAIN EFFECTs AND TWO
FAcTOR INTERACTION COMPONENTS.

(@) 2™ Two-letter truncated design

Let there be'm factors A;, As, . . . . , Am each at two levels.
Let

a*t a2 . ...q,%m denote the treatment in which the
factors :

Ay, Asy . ..., Ay oceur at levels

X13X25 0 0 o0y X (%:=0,1)
when '

a’=1.
and

l.a/* = aX¢

In accordance with the standard convention we shall represent
a mean response to a treatment by the same symbol of the treatment.

Let any interaction be denoted by 4 21 4,22 . ... 4,2 (A;=0,1)
where AL=1, 1.4} =Ai7‘i

Taking the usual line as factorial fixed model along with the
restrictions on interaction effects we have

P{(a )70 )" S0
= )PP

1 =17 _[Co C1{ o
A=l 7 Co( 1 )01(1):]533’

we can write any treatment yield

where

. m
alxl a2x2 ..... amxm =[[ {Co(x,-)—}—Cl(x,-)A‘} PR (1)
i=1
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Thus the coefficient of any interaction
AM 4} .. A, on the right hand side is
C}\l(x 1) C7\2(x2) ..... C)\m(xm) )

Let 4 be a column vector whose elements are the interactions in
some order and A’ the corresponding row vector.

Now
if X'=(Qxy, Xa .. . . Xm)

We can write (1) in a compact form
l=h (X") A4,
where
h(X") is the row vector of the coefficients in (1).

Following this procedure of writing treatment yields as a
function of the interactions and expressing the yield responses (i.e.
treatment yield—control yield) instead of actual yield for the two-
letter truncated factorial experiments and assuming that interactions
of order two or more are negligible, we get the following form of
the h (X”) for the two-letter truncated factorial experiment for 2.

L) = [1,, : —Mg1 ]

where Iy, stands for unit matrix of order m,; X mg,

M,, is matrix of order mg, X my where mg, Tows are
obtained by adding the rows of the unit matrix in a
natural order.

Nye is a matrix of the order m X m,, obtained from — 21T
in the same way as M,, from [,
Since a*' =h(X") A
A=[h(X")](a)
It can be easily verified that

M
h XI 1_K [ (J'll __12]
[ ( M]z 122

where any element pij=3—n for i=j
=—1 fori#j
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and other submatrices are already defined.

Since each interaction is a contrast in terms of original obser-
vations we may express the variance of any treatment of the row
corresponding to A A7

by v(aM 402 )=[3174 (1)
where 1; represents elements in the row
and o? is the per plot variance.

(b) 3" Two-letter truncated Factorial Experiment.

Suppose there are n factors By, By, ...., Ba each at three
levels.
Let by b2 - ... b,"n (z;=0, 1, 2) denote the treatment in which
the factors By, B, . ... ,B, occur at levels z;, z,, . . . ,Z, (z;=0, 1,2)
where =1
and 1. % =b5 - B
for z;70.

Thus if as usual we represent a treatment orthe mean response by
the symbol

Y(le Zi’ LR ] Zn)
then: E[Y(Zh Z2: e e Zﬂ)]:blzl b222 toe 'bnz"
Let any interaction be denoted by B¥1 B,*2 . . .| B, Pn(p;=0, 1, 2).

It can clearly be seen that the normal equations are of the form:

1 1 1 1 1 1
E[(b ) (b ) (bn >]=K”{<B ) (
b, ) D6, JO D\, B JO\ B )OO\ By,
with the convention I.I=I, .B=B.I, B°=]

where

MU

Thus as before I is mean response, and effects defined here do
not obey the convention that the sum of the positive coefficient is
unity. Each effect represents a single degree of freedom. Thus
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BB, is the interaction of linear component of B, “and the linear
component of B, and B,B,® the linear component of B, and the
quadratic component of B,.

Thus it can be deduced that |

i

ba b . ... p i = H{ do (Z)+d, (Z,)—]—dz(Zj)Bf}---(Z)

j=1
The coefficient of B,#1 B#2 . ... B #n
when the right hand side of the above expression is expanded

du, (Z,) du, (Z,) . . dpg (Zn)

As before we fix a standard order in interaction as I,B, B,...

Ba, Bi®, By® ... . B.* BBy, BBy ..., By(B,,....in which we want
to take the mterachon Let B be the column Vector of interaction in
the same order and Z'=(Zi, Z,....Z,) then we can write the

equation (2) in a compact form b*' =K(Z')B

Now when we consider two-letter truncated factorial experi-

ment for 3" series assuming the interaction Bl*"L1 B*2 .. .. B, such
that 2y, < 2 as negligible we get the following form of the K(Z)
split into 9. submatrices.

T ha |=3L [—M,T ]
K(Z)=. 2111’ 0y |—2M, 7!
Lty =200, | Ny

where I and O are the unit and zero matrices of the order
indicated. M,, is the same matrix as defined for 27 two-letter
truncated factorial experiment, the N,, is a matrix in which any
element

Ny=0 (if union between row number and the column number
is empty)

= —] otherwise.

Now to estimate various effects we have to find the K(Z')-! because

=[K(Z)]7' b'. The inverse of K (Z') can be eas,ily obtained as
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, e B 12 Iy Mo T
K@)=| —131, |16 Iy | 0nT
—le 021 122

where for py, any element p;; =(n—1) when i=j (1>2)

=1 when i#j

For n=2 however there is an exception i.e. in this case

10(—=3 0] —1
01 0 -3 | —1
KZ)=|"20, 0 0 | —2
02 0 0| -2
111 -3-31 0

and
. —-3-—-3 (303
) —3—3)03 3
[K(Z) =161 —2 0 ’10 0
0—-2]01/0
—3—-3,00/3

(c)= 2m % 37 two-letter truncated factorial experiments.

Let there be m factors A;,4, . . . . , An eachat two levels and 7
factors B,, B,, . . .. , B, each at three levels ; then there are 2™ X 3n
treatment combinations in a complete factorial. The symbol
a® @2 ... AM¥mp A1p72 ot b Fn e ..(3) denotes the treatment

in which factors A4;, 4,,...., 4m occur at levels Xxq, X5 « + « 5
Xm(%:=0,1) and the factors B,, B,, , . . » B, occur at levels Z,, Z,,. . .
Zw (Z;=0,1,2).

_ In this case the relation between the treatment and interaction ]
IS : ‘

F[@0@)® ... ® @, o ;})@ ()]

1 1 1 :
G [(All)C‘D(Alz)@ fo DUAWD (Bl )@( B, )@ .- @(B")] é
621 322 an L
with convention I.I=1 efc. A;B,=stands for A4; X B; linear ; simi- ' i

larly B, B, stands for B;x B, linear. From this we may express
any treatment as linear combinations of interactions.
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’ m "I
a1 @ ... g m b p ... b 7n =IIl Ci(x:)+Cy(x:)A; |
i=1 J

X ]:i{ do(z;)+d\(z,) B;+dy(z;) B

j=1

If we take some standard order of the interactions 4,* 4,
vo.d4ym B¥1 B¥2 . pwnandlet AB may be a column vector

of that order and let the corresponding standard order for the
treatments be ab in the form column vectors.

(ab'y=(G) (4B)

Now for the two-letter truncated factorial experiments in
2™ x 3" series (see page 43)
where '

) M, (ny) 18 the matrix of order (n,)x(m) having the
elements in the fashion given for 27 fact experiment. ‘
" (i) ey= n-vector (1,1....1)
(i) o,= n-nector (0,0....0)

() I (%) is a unit matrix of order m X m with diagonal
elements as vector and the remaining eclements as
vector .

o) P( t;? )(1121 )is a mdt_rix with any elements pij = 0 for i=j

= —2 for i#j

(vi) is a systematic matrix with diagonal elements as
matrix and other elements as (—i) I matrix of
Tm X m order n X n.

Since ‘(ab )=(G) (4B")
(4B")=(G)™* (ab")

We can easily get the inverted matrix as follows (see page 44) :

where

7\( m )( n ) is a matrix with the elements
1 1

i = [ 1—(n+m)]/4 if n is even
= —(m+mn)/4if nis odd
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and
Ay = —1/4
Q( rlz )( ;lz ) is a matrix with the elements
gs = —(m-+n)[2 if n is even |
= —(m+n+1)/2ifnis odd
and

g = —1 if (%))
3. SUMMARY

In this paper we have defined K-letter truncated factorial
experiments. The estimation procedure for main-effects and
interactions (on Linear X linear component of two factor interactions
if the factors are at more than two levels) has been given for
2—L.T.F.E. of 2™, 37 and 3" x 2™ factorial experiments. '
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